The Ruderman-Kittel-Kasuya-Yosida (RKKY) interaction between magnetic impurities, mediated by Dirac surface states on the surface of a topological insulator, leads to impurities' ferromagnetic ordering. We present a self-consistent theory of the ordering, which takes into account a gap in the surface spectrum induced by the exchange field of magnetic impurities. We show that the gap does not change the general structure of RKKY interaction but considerable influences its strength. This feedback can be both positive and negative, depending on the ratio between the chemical potential and the gap, and it qualitatively modifies the temperature dependence of the spin polarization of magnetic impurities. The resulting unusual temperature dependence can be directly measured in angle resolved photoemission spectroscopy (ARPES) and scanning tunneling microscopy (STM) experiments.
I. INTRODUCTION
The Ruderman-Kittel-Kasuya-Yosida interaction 1-4 is a textbook phenomenon, which represents an electronmediated coupling between magnetic impurities in a metal. In a regular isotropic Fermi liquid, the RKKY interaction is of Heisenberg type and oscillates fast on the Fermi wave-length scale. In contrast, the spinmomentum locked helical surface states on the surface of a topological insulator 5, 6 (TI) give rise to more complicated spin-spin interactions. [7] [8] [9] [10] [11] [12] [13] [14] Most importantly, these "topological RKKY interactions" are ferromagnetic for the out-of-plane component (for small values of the chemical potential of the surface states) and consequently drive the magnetic impurities into a ferromagnetic state. This breaking of time-reversal symmetry in turn opens up a gap at the Dirac point of the surface states. The latter effect has been observed [15] [16] [17] by angle resolved photoemission spectroscopy (ARPES). The presence of an exchange field created by ordered magnetic impurities has been also revealed in transport experiments. 18, 19 Furthermore, if the chemical potential lies within the ferromagnetism-induced gap, it results in an anomalous quantum Hall state, which is of great interest both fundamentally and for applications. This type of anomalous quantum Hall effect was recently reported in Ref. [20] .
Here we present a self-consistent mean field theory of magnetic impurity ferromagnetism on the surface of a topological insulator. The basic idea of our work is simple. The impurity ferromagnetism and in particular the value of spin polarization are determined by the spectrum of surface states, which mediate the RKKY interaction. On the other hand, the electronic spectrum is strongly influenced by the exchange field. Hence, the two phenomena are intertwined and a calculation of the observable spin polarization and induced energy gap must include a feedback loop, which is incorporated in our theory below. As shown in Fig. 1 , the resulting temperature dependence of the induced energy gap is qualitatively modified compared to the naïve theory (with fixed temperature- At µ ≪ ∆0, where ∆0 ≈ 0.11 eV is the gap at zero temperature (which corresponds to a realistic set of parameters for Bi2Se3, as discussed in the summary), the feedback is negative in the entire temperature range and leads to a smooth increase of spin polarization with decreasing temperature. At µ ∼ ∆0, the feedback is positive in the vicinity of the Curie temperature, which manifests itself in an abrupt increase of the gap. The inset displays the dependence of the Curie temperature, T0, on the chemical potential, µ. Arrows in the inset correspond to the curves in the main plot.
independent RKKY interactions) and these deviations should be observable in experiment.
As shown below, the back-action of ferromagnetism on the RKKY interactions, which underline it, can be both negative and positive (in the former case, the gap ∆, induced by spin polarization, suppresses ferromagnetic RKKY interactions compared to the paramagnetic state; in the latter, it further enhances the interactions). More specifically, if the surface of TI is insulating (∆ µ, where µ is the chemical potential of the surface states), the gap in the spectrum leads to an exponential spatial decay of the RKKY interactions, which clearly suppresses them compared to the power law decay in the paramagnetic phase. Increasing of the gap leads to decreasing of the RKKY decay length and gives rise to a negative feedback. On the contrary, if the surface is metallic (∆ µ), we start with a strongly spin-orbit-coupled Fermi liquid, where the RKKY interaction has a ferromagnetic tendency, but is oscillating at larger distances. If ferromagnetism and the resulting energy gap do occur, they effectively push the bottom of the surface conduction band (or the top of the valence surface band if the chemical potential crosses it) toward the Fermi level and decrease the Fermi momentum; hence, the RKKY interaction becomes less oscillating. So, colloquially speaking, this makes the RKKY interactions "more ferromagnetic" and provides a positive feedback.
The rest part of the paper is organized as follows. In Sec. II, we introduce a model describing the Dirac states on the surface of a TI and calculate the RKKY interaction between magnetic impurities deposited on the TI's surface. In Sec. III, a mean field theory of magnetic impurity ferromagnetism is presented. In Sec. IV, we discuss the results and summarize.
II. RKKY INTERACTION MEDIATED BY DIRAC SURFACE STATES
The single-electron Hamiltonian of the topological surface states interacting with magnetic impurities is given byĤ
Here v is the velocity of Dirac electronic states andσ is the vector of Pauli matrices associated with their spins. S i and r i are the (classical) spin and position of the i-th magnetic impurity and λ parametrizes impurities' exchange coupling to the electronic spin. Here we neglect anisotropy of the exchange coupling and its possible dependence on an impurity's position within a TI lattice. Magnetic impurities are assumed to be randomly (Poisson) distributed with an average distance, a m , between them. If the spins are ferromagnetically ordered, an exchange field induced by out-of-plane spin polarization S z opens up a gap, 2|∆|, in the surface spectrum given by
The in-plane components of the exchange filed, if any, shift around the Dirac point in momentum space and can be excluded by a gauge transformation, which make them unimportant for our purposes. Without loss of generality, we consider the chemical potential, µ, to be positive (the main results do not change for µ < 0). Also we assume the chemical potential not to change within the gap opening that corresponds to the model of noninteracting Dirac surface states. This approximation is experimentally relevant since known TIs have very large dielectric permittivity which for Bismuth family of materials achieves 80 ∼ 100. An effective (RKKY) interaction between the magnetic impurities can be obtained by integrating out the surface states. Neglecting retardation effects, the RKKY Hamiltonian takes the following form in second-order perturbation theory in λ
The coupling constants J αβ ij are determined by the static spin-spin response function J αβ ij = λ 2 Π αβ (R ij ) of the surface states, which is given by
Here ε n = (2n + 1)πT are the fermionic Matsubara frequencies.Ĝ(iε n , R) is the Green function of Dirac fermions in the real space, which in the presence of the gap is given bŷ
where x = ΛR/v, Λ = ∆ 2 + (ε n − iµ) 2 and n = R/R. K 0 (x) and K 1 (x) are the modified Bessel functions of the first kind. The RKKY Hamiltonian (3) can be rewritten in the following form
This Hamiltonian contains a coupling, J zz ij , between the out-of-plane spin components, an isotropic in-plane XY coupling J xy ij , an anisotropic frustrated coupling J an ij that explicitly depends on impurities' positions, and a Dzyaloshinskii-Moria coupling J DM ij . The corresponding coupling constants 21 are given by
They can be re-written in the following compact form
where we introduced a set of dimensionless functions, {F (R ij /a T , R ij /a ∆ , R ij /a µ )}, that are calculated numerically, and the length-scales a T = v/T , a ∆ = v/∆, and a µ = v/µ, which parametrize the temperature, gap and chemical potential of the surface states correspondingly. In the absence of an energy gap and at zero temperature, Hamiltonian (6) reproduces results of Refs. [9] and [10] . However, having in mind the goal of the present work (to develop a self-consistent theory of ferromagnetism), we need a more general form (6) . We observe however that, an opening of the gap and temperature do not change the qualitative form of the RKKY Hamiltonian and the structure of the interactions remains intact. However, the values of the corresponding couplings and their position-dependence do change. Previously it has been shown 9,10 that if the chemical potential is in Dirac point µ = 0 the coupling constants slowly decrease as R −3 ij . At any finite chemical potential, they are oscillating and decrease as R −2 ij cos(2k F R ij + φ) at large distances (i.e., R ij /a µ ≫ 1). Here, k F = µ/ v is Fermi wave-vector of electrons and φ is a phase-shift that can be calculated explicitly for each coupling constant. The Dzyaloshinskii-Moria coupling disappears at µ = 0 and is only important in the presence of a Fermi surface as was discussed in Ref. [8] .
In the limit T = ∆ = µ = 0, the dimensionless functions involved in (8) reduce to the following constants: F zz = F xy = F an = 1 and F DM = 0. If the gap is non-zero, the large-distance asymptotes R ij /a ∆ ≫ 1 of these functions at zero temperature T = 0 and chemical potential µ = 0 are given by
The opening of a gap leads an exponential decay of RKKY coupling with distance, but it does not change the ratio of the three functions above. The dependence of F zz on R/a ∆ at T = 0 and for different values of a ∆ /a µ = µ/∆ is presented in Fig. 2 . If the chemical potential lies within the gap µ < ∆, the coupling constant decays exponentially. If the surface is metallic µ > ∆, the value of F zz oscillates with a linearly increasing amplitude. The coupling constant J zz ij has the prefactor R interaction decays on a typical length scale of order a T = v/T . The behavior of the other coupling constants is qualitative the same. Therefore, in the presence of the gap, the interaction between the out-of-plane spin components remains ferromagnetic.
III. MEAN FIELD THEORY OF THE FERROMAGNETISM
Deep in the ordered state with an out-of-plane spin polarization, we can assume that S z 2 ≫ (S ) 2 . Hence, the interaction between in-plane components and Dzyaloshinskii-Moria interaction can be neglected, which is the approximation we adopt in the following. We treat the resulting Hamiltonian (6) within mean field theory and assume that each magnetic impurity, S i , interacts with a mean Zeeman field created by all the other spins,
However, this mean-field is not entirely trivial because the positions of the impurities are random and the mean field therefore is a random variable. The spin polarization of a magnetic impurity induced by Zeeman field is given by
where
is Brillouin function. Following Ref.
[22], we introduce a probability distribution function of the random Zeeman field, P (I), via the following relation
Here · d means averaging over positions of magnetic impurities. Any function, F (I), of the Zeeman field, including those involved in the mean-field equation (10), can be averaged over positions of magnetic impurities as follows:
. (13) An averaging of Eq. (10) leads to
Here, we introduced an effective Zeeman field, I eff , which is the field where the distribution P (I) has a maximum. In our calculations, we adopt the approximation where each impurity is in the presence of such an effective field and ignore fluctuations around it. We discuss the range of applicability of this approximation below. The effective Zeeman field field I eff at µ = ∆ = T = 0 equals to I eff ≈ 5λ 2 S/8 va 3 m . Therefore, the Curie temperature can be approximated as
The system of equations (2), (7), (12) and (14) defines a self-consistent theory of magnetic impurity ordering on the surface of a topological insulator. We have solved these equations numerically for different values of the control parameters.
IV. RESULTS AND DISCUSSIONS
There are three dimensionless parameters that control all physics in this model: The parameter p ∆ = a m ∆ 0 / v = λS/( va m ), where ∆ 0 = λa the surface states and impurity spins. The third parameter p µ = a m /a µ = a m µ/ v is related to the length-scale of spatial oscillations of RKKY coupling constants that appear at a finite chemical potential.
For numerical calculations we have used the set of parameters corresponding to Bi 2 Se 3 where Dirac fermions have the velocity v ≈ 0.5 · 10 6 m/s. In experiments TI was doped by Mn or Fe, both of which have spin S = 5/2. We assume the doping level around 10%, 15, 16 which corresponds to a m ≈ 18Å. The exchange coupling constant, see Eq. (1), can be estimated as λ ≈ 15 eV ·Å 2 .
12 According to Eq. (15), the Curie temperature is T 0 ≈ 67 K and the maximal value of the gap equals to ∆ 0 = λa −2 m S ≈ 0.11 eV. The control parameters are p ∆ = 0.6 and p T = 0.03, which correspond to a moderate feedback strength and signals of unimportance of thermal decay of the RKKY interaction. The thermal decay length at the Curie temperature equals to a T = v/T 0 ≈ 40nm. It increases with decreasing of temperature and considerably enhances the mean distance between magnetic impurities a m = 18Å. So the thermal decay is unimportant in the realistic conditions and is neglected below.
The probability distribution function of the random Zeeman field at zero chemical potential µ = 0 is presented in Fig. 3 . In this regime, the appearance of the gap leads to an exponential decay of RKKY constants and it shifts the distribution function toward lower values of the exchange field, providing a strong negative feedback. As long as p µ = a m /a µ 1, the probability distribution function remains qualitative the same and has a clear maximum. Hence, the approximation made in Eq. (14) is reasonable. We have numerically verified that the presence of a finite width of the probability dis- (14)], I eff , acting on a magnetic impurity, as a function of the chemical potential, µ, and the gap, ∆. For a small chemical potential, µ 0.2µ0, where µ0 = v/am ≈ 0.18 eV, the Zeeman filed has a maximum at zero gap indicating negative feedback. For a moderate chemical potential, 0.2µ0 µ µ0, it achieves a maximum at finite gap ∆µ and the feedback can be both negative (∆ > ∆µ) and positive (∆ < ∆µ). At high value of chemical potential µ µ0 and in the absence of the gap, the effective ferromagnetic field tends to zero, I eff → 0, which indicates that the RKKY interaction does not lead to impurity ferromagnetism.
tribution modifies the solution of (14) only weakly, if the width is smaller then effective Zeeman field I eff . In the opposite limit p µ ≫ 1, the distribution becomes significantly wider and includes both positive and negative exchange fields. This regime is unfavorable for the ordering since the average distance between magnetic impurities, a m , exceeds the oscillation length, a µ , and the sign of the exchange field acting on the impurities becomes random.
The dependence of the Curie temperature T 0 on the chemical potential µ of the surface states is presented in the inset of Fig. 1 . The critical value of the chemical potential µ 0 above which RKKY interaction does not lead to ferromagnetism can be estimated as µ 0 = v/a m ≈ 0.18 eV which originates from the criterion p µ ≈ 1. As long as µ µ 0 , the Curie temperature weakly depends on the chemical potential and can be calculated from (15) . The critical temperature abruptly decreases in the vicinity of µ 0 , where the oscillation length becomes comparable with the distance between magnetic impurities.
The dependence of the effective Zeeman field, I eff , on the chemical potential, µ, and the gap, ∆, is presented in Fig. 4 . If the chemical potential is small, µ 0.2µ 0 , the effective Zeeman field has a maximum at zero gap that indicates a negative feedback on ferromagnetism. For a moderate chemical potential, 0.2µ 0 µ µ 0 , the effective Zeeman field achieves a maximum at a finite value of the gap ∆ µ ≈ µ − 0.2µ 0 . So if ∆ < ∆ µ , the feedback on ferromagnetic interactions is positive, while in the opposite case, ∆ > ∆ µ , it becomes negative. In the vicinity of its maximum, the effective Zeeman field depends on ∆ only weakly and consequently the back action is weak too. It becomes stronger away from ∆ µ and is especially strong in the vicinity of the critical value of chemical potential, µ 0 . The behavior can be intuitively understood as follows. If the chemical potential is small the oscillatory nature of RKKY interaction is unimportant. In the presence of a gap the TI's surface becomes insulating and the RKKY interaction decays at the length scale, a ∆ = v/∆, providing a negative feedback. For a moderate chemical potential, the interaction is weakly oscillating. The increase of the gap leads to a decrease of the Fermi momentum, k F = µ 2 − ∆ 2 / v, and an increase of the oscillation period. Therefore, the interaction becomes "less oscillating" providing a positive feedback on ferromagnetic interactions.
The dependence of the gap, ∆, on the temperature, T , for different values of the chemical potential, µ, is presented in Fig. 1 . If µ ≪ ∆ 0 the feedback is negative in the whole temperature range and the dependence of the gap is smooth and lies below the mean-field curve without imposing self-consistency (not shown). In the opposite limit, µ ≫ ∆ 0 , the feedback is positive and leads to an abrupt increase of the gap to its maximal value in the vicinity of the Curie temperature. The appearance of the out-of-plane spin polarization, which is the origin of the gap, is continuous but very sharp. Hence, strictly speaking the ferromagnetic phase transition is of the second order, but on the temperature scale larger that transition's width, it effectively becomes a first-order transition. In the intermediate case, ∆ 0 ∼ µ, the gap rapidly increases up to the value, ∆ µ ≈ µ − 0.2µ 0 , in the vicinity of the critical temperature where feedback is positive. After reaching ∆ µ , the feedback switches to negative and the dependence of the gap is smooth. The back-action influences the slope of the temperature dependence, but not its value at low temperatures.
An important role of a feedback was also outlined for a chain of magnetic impurities embedded to a Luttinger liquid 23 . In that case the spiral magnetic ordering of impurities induced by RKKY interaction enhances the charge density instability in an electronic liquid and provides a strong positive feedback.
To summarize, we have developed a self-consistent mean-field theory of magnetic impurity ordering on the surface of a topological insulator, taking into account a gap that opens up in the Dirac spectrum of the surface states. The gap influences the strength of the RKKY interaction between magnetic impurities, but does not change its general form. The feedback on ferromagnetism can be both positive and negative depending on the ratio between the chemical potential, µ, and the gap, ∆, and it considerable modifies the temperature dependence of the ferromagnetism-induced gap in the Dirac spectrum as shown in Fig. 1 , which summarizes the main results of the paper. Both the qualitative change in the temperature dependence of the magnetization and the quantitative
